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ABSTRACT

Tamanampudi, Gowtham Manikanta Reddy. M.S.A.A., Purdue University, December
2015. Reduced order modeling and analysis of combustion instabilities. Major Professor:
Dr. William E Anderson.

The coupling between unsteady heat release and pressure fluctuations in a combustor
leads to the complex phenomenon of combustion instability. Combustion instability can
lead to enormous pressure fluctuations and high rates of combustor heat transfer which
play a very important role in determining the life and performance of engine. Although
high fidelity simulations are starting to yield detailed understanding of the underlying
physics of combustion instability, the enormous computing power required restricts their
application to a few runs and fairly simple geometries. To overcome this, low order
models are being employed for prediction and analysis. Since low order models cannot
account for the coupling between heat release and pressure fluctuations, lower-order
combustion response models are required. One such attempt is made through the work
presented here using a commercial software COMSOL.
The linearized Euler Equations with combustion response models were solved in the
frequency domain implementing Arnoldi algorithm using 3D Finite Element solver
COMSOL. This work is part of a larger effort to investigate a low order, computationally
inexpensive and accurate solver which accounts for mean flow effects, complex boundary
conditions and combustion response. This tool was tested against a number of cases

xiv
presenting longitudinal instabilities. Further, combustion instabilities in transverse
instability chamber were studied and are compared with experiments. Both sets of
results are in good agreement with experiment. In addition, the effect of nozzle length
on the mode shapes in transverse instability chamber was studied and presented.
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CHAPTER 1. INTRODUCTION

1.1

Overview

Combustion is the process in which fuel burns in the presence of oxidizer.
Combustion of propellants at high pressure in the combustion chamber followed by
expansion of hot gases through the nozzle produces huge amount of thrust in liquid
rocket engines. The amount of thrust produced directly depends on the chamber
pressure. Hence even a small perturbation of chamber pressure causes thrust
oscillations. These perturbations in chamber can be caused by various sub processes
of combustion such as atomization, vaporization, vortex shedding, chemical kinetics,
etc,. These small pressure perturbations when coupled with heat release oscillations
can cause combustion instability, resulting in amplification of oscillations leading to
large pressure variations in the combustion chamber which may end up in
catastrophic incidents. Combustion instability is not just limited to rocket engines;
many other devices such as gas turbine engines, blast furnaces and heating units do
suffer from instabilities which start unexpectedly often causing undesirable effects.
The history of Combustion Instability dates back to 18th century when Higgins
[1] first observed the “singing flame”. As the name suggests, this flame when placed
in a tube of sufficient length produces sound. Other notable early works were done by
Rijke [2] and Rayleigh [3]. Rijke observed that when a flame is placed at a quarter
length in a tube open at both ends, the heat release fluctuations coupled with acoustic
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field causing self-excited oscillations. The famous criterion for combustion instability
was given by Rayleigh for the first time. Mathematically, it can be stated as follows

where

and

are unsteady pressure and heat release respectively, τ is the period of

oscillation, V is the volume of combustor and
The Rayleigh criterion states that the instability occurs when the inequality of above
criterion is satisfied. Instability grows when the amount of energy entering the system
is more than the amount of energy leaving the system and instability damps when the
amount of energy into the system is less than the amount of energy leaving the system.
Further, relating phase between pressure and heat release oscillations, Rayleigh
criterion states that pressure oscillations grow when pressure and heat release
fluctuations are coupled in phase and decay when pressure and heat release
fluctuations are out of phase. Due to the energy losses through radiation and
boundaries of system, a limit cycle may be achieved where instability sustains with
no growth or damping.
1.2

Classification of Combustion Instability

Combustion instability is mainly classified into three types based on the
frequency. The low frequency instability occurring at several hundreds of Hz is called
“chugging”. This is associated with the coupling between bulk mode oscillations and
mass flow oscillations. The intermediate frequency instability, occurring at around
400 – 1000 Hz is often called “buzzing”. This is often associated with interactions
between propellant feed system and combustion chamber. The low and intermediate
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frequency Instability mechanisms are well understood. The high frequency instability
occurring above 1000 Hz is termed as “screeching”. It is often associated with rocket
engines. This instability is mainly due to the coupling between the acoustics of the
chamber and the injection flow oscillations. It can also due to coupling between
acoustics and various other sub processes of combustion. The high frequency
instabilities are not quite well understood because of the complexity of the
mechanism and it is difficult to identify which sub process of combustion has caused
the instability. This type of scenario is often associated with the rocket engines. It
should be noted that there is no exact dividing line between the different regimes of
instability.
Barrere and Williams [4] divided the instability based on their coupling
instead of the range of frequencies where they occur. They are (i) instabilities that
occur solely in the combustion chamber without coupling with other parts of engine
(ii) instabilities that occur in the combustion chamber due to interaction with other
parts of engine like feed system (iii) instabilities that are only due to chemical
reactants. Further, Barrere divided the combustion chamber instabilities as acoustic
instabilities which are due to acoustic modes of chamber; shock instabilities which
are due to propagating shock and fluid dynamic instabilities due to vortices.
In this thesis, the main focus is on instabilities due to flame – acoustic
coupling. This type of instability occurs mainly in gas turbine and rocket engines.
However, the most cited example of combustion Instability dates back to 1960 when
an F- 1 engine used for Saturn – V rocket launch encountered strong instabilities
which caused pressure fluctuations of amplitudes around 100% of the chamber
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pressure as reported by Zinn [5]. This required extensive series of tests to find out the
causes and control the instability.
Combustion instability is one of the major problems faced by today’s rocket
and gas turbine engines which are being developed with main emphasis on reduction
of emissions and achieving high efficiencies. Hence a deeper understanding of
coupling mechanisms is necessary in order to make better designs [47-49].
Based on the type of oscillations, instabilities are further classified into two
types; i) self-excited and ii) forced. In case of self-excited oscillations, the selfinduced flow perturbation such as a small reduction in pressure in chamber causes
increase in mass flow which in-turn cause heat release fluctuations. These heat
release fluctuations when coupled with pressure causes acoustic fluctuations which
propagate upstream amplifying the fluctuations. The process through which acoustic
fluctuations are developed serves as driving mechanism and the propagation of
acoustic fluctuations upstream serves as feedback mechanism forming a closed loop.
It is of high importance to identify the key mechanism in order to better understand
the instabilities. Some of the key mechanisms [44-46] include flame – vortex
interactions causing stretching of flame, flame – flame boundary interactions causing
change in surface area of flame, flame – acoustic interactions causing the wrinkling of
flame and equivalence ratio fluctuations.
In addition to driving mechanisms there are several damping mechanisms
which cause the fluctuations to decay instead of grow. Some of the damping
mechanisms are radiation - loss of energy in form heat through the walls of chamber;
convection - transfer of energy along the flame causing some amount of dissipation
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especially in presence of mean flow; friction, boundary layers near walls and rigid
boundaries cause viscous dissipation leading to loss of energy and formation of
vortices.
An external source is required to cause flow perturbations in case of forced
oscillations. This is one of the practices followed at laboratory level to study the
combustion instabilities in case the chamber designed for the study is not self-excited.
1.3

Instability Mechanism

Combustion instability is characterized by two types of mechanisms, namely
linear and non – linear mechanism. A linear mechanism is one in which the small
amplitude oscillations continue to grow/decay exponentially. In combustion
instability, the onset of instability is characterized by a linear mechanism where the
small amplitude oscillations grow exponentially. If the entire instability is
characterized by linear mechanism then the oscillations should grow forever as shown
in Figure 1.1. However, instability reaches a limit cycle where the oscillation does not
grow anymore. This is because as the oscillation amplitude increases, non-linear
mechanisms start to govern the driving and damping processes restricting the
exponential growth of oscillations. In the Navier – Stokes equations the term that
accounts for convection is non-linear, along with terms having nonlinear relations
between pressure and density. Although there is no clear boundary, the nonlinear
terms play an important role when the amplitude of oscillations reaches around 10 -15%
of mean flow values [5]. The pressure plot in Figure 1.2 shows a limit cycle
indicating a non linear mechanism.
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Figure 1.1. Pressure plot showing continuous growth of pressure with time – example
of linear instability mechanism

Linearized models find the applicability in determining the stability of system
characterized by small amplitude oscillations. Since the combustion instability is
initially characterized by small amplitude oscillations, linear theory presumably
works well to predict the frequencies at which instabilities occur. It should be noted
that although linear theory may predict stability, the system can be also unstable
nonlinearly because it may not be stable when subjected to large oscillations. Also, it
should be noted that in linearized model waves are represented as sine and cosine
waves. No steep fronted waves will be observed in linearized models, whereas in
non-linear models steep fronted pressure waves can be observed similar to
experiments.
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Figure 1.2. Pressure plot showing limit cycle – example of non-linear instability

1.4

Numerical Techniques

Combustion instability is studied by experiments [6-7] which can be
expensive and dangerous as well due to the instability of chamber. Although
experiments represent real physics, they produce limited detail and introduce
unwanted variables. Hence, there is huge amount of research being carried out these
days in developing very effective computational methods which can accurate simulate
experiments. However, it should be noted that every new computational method has
to be verified using experimental data to make sure the simulations are correct and
hence they can be used to study complex systems. At present combustion instabilities
are being studied computationally [8-14] ranging from higher order models like large
eddy simulations to reduced order models like wave equation. The higher order
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models differ from lower order models in the degrees of mathematics, complexity of
geometry, details of physics, assumptions and their ability to account for non-linearity.
In addition, the numerical techniques differ in how they solve the physics, such as
frequency domain [50-52], time domain [53], etc. In time domain the physics is
solved over a certain time period trying to account for the naturally occurring
mechanisms including the phases of Initiation, transient and limit cycle. In the
frequency domain the physics are solved only for spatial variations assuming the
system is periodic. In the case of thermo-acoustic instabilities, when the physics are
solved in the frequency domain, it is often solved for eigen frequencies which are the
frequencies at which instabilities occur and also determine whether the mode is stable
or unstable. They also provide information about the growth rate of instability
although the amplitude of instability is not accurately predicted. In general, the
reduced order models like wave equation and linearized Euler equations [17-18] are
solved in frequency domain whereas the higher order models like LES is solved in
time domain.
1.4.1

High Fidelity Simulations

High fidelity simulations [54-56] are costly computational methods that are
currently being used to study combustion instabilities. This method solves the multi
dimensional Navier Stokes Equations accounting for chemical reactions, mean flow,
flame dynamics, vortex interactions, turbulence, viscosity, boundary effects, etc,. This
method solves for both mean flow field and acoustics, and captures the flame
dynamics accurately. Heat release obtained through high fidelity simulation of
transverse instability chamber is shown in Figure 1.3.
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This method can solve complex flow fields such as the flow field in gas
turbines, rocket combustor etc., and hence is widely used in the industry and
academia for research. It also captures the non-linear interactions along with onset of
instability and hence can presumably predict the limit cycle amplitudes accurately.
However, there is still some difficulty in understanding the root cause of the
instability. The main disadvantage of this method is the expense in terms of time
required for solutions and the amount of memory it requires for storage. It also
requires an extremely fine mesh in order to account for all the minute effects.

Figure 1.3. Heat release distribution in transverse instability chamber obtained
through high fidelity simulation [7]
1.4.2 Reduced Order Modeling
An alternative approach to high fidelity simulations is reduced order modeling.
Wave equation, linearized Euler equations and non linear Euler equations approach
are often called as reduced order modeling. In this thesis main emphasis is laid on
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linearized Euler equations. Linearized Euler equations are the system of equations
obtained by perturbing the basic conservation equations for mass, momentum and
energy for the inviscid flow and linearizing them to contain only first order terms.
These linearized equations can be solved either in the time domain or in the frequency
domain. It should be noted that the mean flow field is included in the system of
equations. However, this method does not solve for mean flow hence the mean flow
is not part of the solution and relevant mean flow quantities have to be input into the
system of equations.
One of the ways in which the linearized Euler equations can be solved is by
applying the Galerkin method as discussed by Culick [15] and Dowling [16]. In this
method, pressure is expressed in the form of a Galerkin Series as a function of mean
pressure. In this thesis, linearized Euler equations are solved in the frequency domain
by using eigenfrequency analysis. The advantage of linearized Euler equations over a
wave equation approach is that the effects of mean flow are included and the energy
equation is also being solved accounting for entropy losses.
Usually mean flow is neglected because the flow velocity entering the
combustion chamber is small. However, the effects of mean flow are not negligible in
liquid rocket engines where the velocity of flow in oxidizer post is significant. In
liquid rocket engines, the acoustics in the oxidizer post affects the chamber acoustics
playing a very important role in understanding the combustion instability [43]. Based
on the work done by Yu et al [17], it can be also seen that the mode shapes vary
significantly in the presence of mean flow.
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1.5

Thesis Outline

Historically [19-22], there are many instances where the reduced order models
were employed in studying the combustion Instabilities. Dowling presented an
analytical approach to analyze the instabilities in gas turbine chamber [23]. Campa et
al followed the approach of wave equation in eigenfrequency domain to analyze
combustion instabilities in complex geometries [24]. Further, they also used a burner
transfer matrix approach in which the combustion zone is replaced by mathematical
functions joining the upstream and downstream of combustion zone [25]. However,
no mean flow effects were included in the approach followed by Campa. Accounting
for mean flow and entropy effects, Yu et al [17], developed a solver for the linearized
Euler equations. However, the solver developed cannot be applied to complex or 3D
geometries restricting its application. Sisco et al developed the Generalized Instability
Model following the approach of Culick using the Galerkin method [26]. The use of
this solver was again restricted to simple geometries.
To overcome the drawbacks of above specified models, an effort is made to
develop a 3D combustion instability analysis tool by solving the linearized Euler
equations using the commercial software COMSOL [27] adapting a finite element
method [28] and implementing the Arnoldi algorithm [29]. In this approach the
linearized Euler equations were solved in the frequency domain to get the eigenmodes
whose real part represents the frequency and imaginary part represents the growth
rate. Mode shapes and several derived quantities such as acoustic intensity can also be
obtained by implementing this tool. The main advantage of this tool is that highly
complex combustion geometries can be analyzed accurately and in a very quick time.
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Complex boundaries can be treated through impedance techniques. In the simulations
performed to date, only compact heat zones are considered, although complex shaped
heat release zones can be implemented to model realistic conditions.
In chapter 2, the mathematical formulation of the linearized Euler equations
along with various combustion response models and their implementation in
COMSOL is presented. Linearized Euler equations were solved in the frequency
domain to obtain Eigen frequencies which represent the frequency and stability of
modes. In addition, setting up the computational domain in COMSOL is discussed.
In chapter 3, validation of the approach of solving linearized Euler equations
using combustion response models in the frequency domain in COMSOL is presented,
including acoustics in a straight duct [26], mean flow effects [17-18], combustion
response functions [23], traditional boundary conditions and boundary conditions
using impedance technique [38].
In chapter 4, the effects of a perforated plate and choked nozzle on chamber
acoustics is presented using an academic test case and an experimental test case. The
affects of combustion chamber length on discretely variable resonance combustor is
also presented. In addition, the affects of equivalence ratio on frequency and stability
is presented using the Bloxsidge’s heat release model and the corresponding
experiment [41-42].
In chapter 5, the application of the current approach to a transverse instability
chamber is presented. Available high fidelity simulation [7] data of a transverse
instability chamber was utilized in determining the n–τ parameters of the
implemented combustion response model. The approach of obtaining the n-τ
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parameters is also presented. In addition, the comparison of predicted frequencies and
mode shape with experimental frequencies and mode shapes is presented. Further, the
effect of converging section of nozzle on mode shape and chamber acoustics is
presented.
In chapter 6, a summary of results and conclusions are presented. Future
improvements to the current approach and planned work are presented.
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CHAPTER 2. MATHEMATICAL FORMULATION

2.1

Governing Equations

To understand the formulation of equations in current solver (COMSOL) the
following derivation of linearized Euler equations and its implementation in the
frequency domain is presented. The conservation equations for inviscid flow are
given by:
2.1

2.2

2.3

where

are time, space, density, velocity, pressure, specific internal

energy and heat release respectively.
The equation of state is given by:
2.4

2.5
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From Eq. 2.5, expressing specific heat at constant volume-

in terms of

and

substituting in Eq. 2.3, we get
2.6

2.7
Perturbing the flow by a small amount over mean quantities,

2.8
2.9
2.10
where,
‘ ‘ - indicates mean quantities
‘ ‘ - indicates fluctuating quantities.
Substituting Eq. 2.8, 2.9, 2.10 and 2.11 in Eq. 2.1, 2.2 &2. 7 followed by linearizing
the equations by neglecting higher order terms we get,
2.11

2.12

2.13
Using the following mathematical relationships
2.14
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2.15

2.16

2.17
Substituting Eq. 2.15, 2.16, 2.17 &2.18 in Eq. 2.12, 2.13 & 2.14, we get
2.18

2.19

2.20
The differential equation formulation is converted into a complex eigenvalue
formulation in the frequency domain as follows:
2.21
2.22
2.23
2.24
where,
‘

‘ - represents complex spatial function

Re - real part
- complex eigen value defined as:
2.25
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where,
- real part of
- imaginary part of
Substituting ω in Eq. 2.22
2.26
2.27
Where

corresponds to periodic component and

corresponds to growth

rate. So, frequency and growth rate are given by:
Frequency = Real (ω) =

Substituting Eq. 2.22, 2.23, 2.24 &2.25 in Eq. 2.19, 2.20 & 2.21, we get the 1D
linearized Euler equations in the frequency domain
2.28

2.29

2.30
In three dimensions, the above linearized conservation equations can be written as
2.31
2.32
2.33
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where

is the heat source in W/m3. Eq. 2.31, 2.32 and 2.33 are the conservation

equations in frequency domain that are being solved in COMSOL’s ‘linearized Euler,
frequency domain’ physics with ‘eigen frequency’ study [27]. Neglecting mean flow
in linearized Euler equations and further simplification gives the following wave
equation:
2.34
The three dimensional wave equation in the frequency domain is
2.35
2.2

Combustion Response Models

An unsteady heat release fluctuation is one of the most important contributors to
combustion instability, and need to be properly accounted and formulated. However,
heat release fluctuations, being dependent and coupled to various other flow
parameters, often pose difficulties in their formulation in the low order models. To
overcome these difficulties and to account for heat release fluctuation in the low order
models, combustion response functions are introduced. Combustion response
functions relate the heat release fluctuations to the flow parameters that are being
solved through the parameters such as time delay and interaction index [57-59].
Combustion response functions are in general developed from the available
experimental data. More recently they have been extracted from the high fidelity
simulation data [60].
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2.2.1 Pressure – Time Lag Model
Following Crocco’s

model [30] for unsteady heat release, unsteady heat

release fluctuations are related to the pressure fluctuations with a time delay .
2.36
Where,
n - scaling factor that quantifies the intensity of heat release (Interaction index)
- time lag between pressure and heat release fluctuations.
The wave equation with combustion response function in the frequency domain is
2.37
The heat source term for linearized Euler equations in Eq. 2.33 is
2.38
Where,
- mean heat release in Watts
- volume of heat release zone
This is the combustion response model that has to be incorporated into the linearized
Euler equation solver of COMSOL as a heat source term in order to account for
combustion through the pressure – time lag model.
2.2.2 Velocity – Time Lag Model
In this model, unsteady heat release fluctuations are related to velocity fluctuations
upstream of heat release zone by a time delay . This model was explained by
Dowling [23].
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2.39
Where,
2.40
Substituting Eq. 2.41 in Eq. 2.40 and converting into frequency domain gives,
2.41
where,
– interaction index
- heat release per unit area
- 1/length of heat release zone
- velocity fluctuation upstream of flame
- time lag between velocity fluctuations upstream of flame and heat release
fluctuations
In this model, heat release is considered to be concentrated in small volume. This is
velocity lag model. The wave equation is with combustion response model is
2.42
The heat source term for linearized Euler equations in Eq. 2.33 is
2.43
This is the combustion response model that has to be incorporated into the linearized
Euler equation solver of COMSOL as a heat source term in order to account for
combustion through the velocity – time lag model.
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2.3

Computational Setup

The above described linearized Euler equations were solved using the acoustic
module of COMSOL. Linearized Euler, frequency domain – physics together with
eigen frequency study in aero-acoustics module of COMSOL was employed. Here,
we are not solving for the fluid flow. Hence, the flow properties temperature, pressure
and mean flow velocity were specified as inputs. In addition, the ratio of specific
heats and gas constant were also given as input. Care was taken while the inputs were
fed into the solver so that there is no discontinuity. In order to avoid discontinuities,
step functions were used to define a continuous profile where there is a sudden
change in any of the flow properties. The temperature variation in a straight duct
defined using a step function is shown in Figure 2.1. Due to some of the issues of
current solver in treating mean flow velocity as explained in section 6.2, a step
procedure was followed in order to obtain eigenfrequencies in cases with
considerable mean flow velocity. In such cases, initial simulation was run without
mean flow velocity to get an idea of the dominant eigenfrequencies of the system
under study. Mean flow velocity is then added in small steps and the dominant
eigenfrequency observed in previous step was used as the frequency to search around
to obtain the eigenfrequencies of the current step. This step is repeated until desired
mean flow velocity is achieved. This procedure helps to keep track of the dominant
eigenfrequency through the steps and converge on the final dominant eigenfrequency
at actual operating conditions.
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Figure 2.1. Temperature variation in a straight duct defined using a step function
COMSOL provides an inbuilt CAD designer to generate the geometry under
study along with the option to import the CAD design. It is always suggested to create
the design in COMSOL rather than importing as it gives the flexibility to change the
design instantaneously. At the same time, the CAD generator in COMSOL does not
provide a variety of options to design a complicated geometry. Hence, it is often
advisable to import geometry in case of complex geometries.
COMSOL generates mesh based either on the physics solving or based on the
user specified instructions. Mesh was generated taking care that there were sufficient
number of nodes in the transition zone of step function. A meshed straight duct of
length 0.17 m containing 400000 nodes is shown in Figure 2.2. Further, boundary
conditions were implemented either by specifying the general acoustic boundaries or
through impedance boundary condition based on the system under consideration.

23

Figure 2.2. Meshed three dimensional straight duct of length 0.17m containing
400000 tetrahedral elements

The grid sensitivity analysis performed on a straight duct without mean flow
is shown in Figure 2.3. From Figure 2.3 it can be observed that it is possible to attain
grid independent results even by using a reasonable grid size. However, the same is
not the case in the presence of mean flow. Based on the mean flow velocity and
complexity of the domain, a very fine mesh must be used in order to get accurate
results. Since a variety of cases with different complexities and mean flow velocities
are studied in this thesis, care was taken to use an extremely fine mesh based on the
flow field and the geometry.
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Figure 2.3 Variation of the frequency of resonant modes in a straight duct with no
mean flow with mesh size (grid sensitivity analysis)
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CHAPTER 3. VALIDATION OF LINEARIZED EULER EQUATION APPROACH
IN COMSOL

Prior to implementing the current approach in COMSOL for complex geometries, a
few validating test cases were run to make sure both formulation and the software are
accurate. Validating cases include a simple straight duct, straight duct with change in
properties, straight duct with mean flow, straight duct with unsteady heat release
concentrated at a particular location and straight duct with distributed heat release.
These cases are validated using analytical methods, an in-house linearized Euler
equation solver and pre-existing results whichever is possible for the particular case.
The test cases that are presented in section 3.1, section 3.2, section 3.3, section 3.6,
section 3.7 and section 3.8 represent the pre-combusted gases or combusted gases of a
longitudinally unstable rocket combustor experiments conducted by Sisco et al [31].
The choice of studying either the pre-combusted gases or the combusted gases or the
entire combustor depends on particular test case. Also, some assumptions were made
in some of the test cases presented instead of using completely realistic conditions in
order to obtain a simplified analytical solution to which the results predicted by
COMSOL are compared.
3.1

Straight Duct

A straight duct of length 0.805m and radius 0.0211m with decomposed 90%
weight hydrogen peroxide representing the oxidizer post flow conditions from the
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experiment performed by Sisco et al [31] was considered. Using the data available
from experiment, the flow conditions are as follows: =1.27, density=6.295 kg/m3,
speed of sound=667.8m/s, pressure=2.21MPa, temperature=933.5K. This case was
analyzed for various combinations of boundary conditions. For a closed end
and for an open end

. The resonant frequencies obtained for various boundary

conditions are compared to analytical solutions as shown in Table 3.1. With no loss
mechanisms included in the formulation and no heat release, we would expect the
pressure fluctuations to neither grow nor decay. The same has been observed using
the current approach.

Table 3.1. Comparing the growth rates and frequencies obtained by COMSOL and
analytical solution for various boundary conditions of a tube with L = 0.805m, a =
667.8m/s
Frequency (Hz)
Inlet

Exit
COMSOL

Analytical

Closed Closed

414.78

414.78

Closed

Open

207.39

207.39

Open

Open

414.78

414.78

Open

Closed

207.39

207.39

The analytical solutions for the above cases are:
Closed - Closed:

3.1

Closed- Open:

3.2

Open – Open:

3.3
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Open – Closed:

3.4

3.2

Straight Duct with Mean Flow

The oxidizer posts in general are associated with a certain Mach number (~0.3
Mach) unlike the combustion chambers where the velocity is very small. Although
the combustion chamber is our main focus, the combustion instability analysis is
generally carried out by including the oxidizer post as it affects the acoustics of the
chamber and in turn affects the stability of the chamber. Hence it is important to
account for mean flow effects in oxidizer post for better understanding. The straight
duct discussed in above case A with both ends closed is now analyzed by including a
mean flow velocity of Ma=0.08. The variation of frequencies with mean flow Mach
number for first five modes of the duct is shown in Figure 3.1. The frequencies
predicted by current approach are compared with the frequencies obtained by using
in-house LEE solver and are normalized by first resonant mode frequency for zero
Mach number as shown in Figure 3.1. In contrast to in-house solver GIM which is
based on Galerkin method, the current approach using COMSOL predicted the
variation of frequencies with Mach number similar to the trend predicted by in-house
LEE solver. From Figure 3.1 it can be seen that the frequency decreases with an
increase in mean flow Mach number. Adding the mean flow velocity affects the speed
at which the wave travels in the ducts and hence the frequency. In the presence of
mean flow the downstream travelling moves with a speed of c+u (where c is speed of
sound and u is mean flow velocity) and the upstream travelling wave moves with a
speed of c-u. The difference in the travelling speed of downstream and upstream
waves results in increased time period and hence leads to reduction of frequency.
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Figure 3.1. Variation of frequency with Mach number

3.3

Straight Duct with Jump in Mean flow

The acoustic analysis of a complete combustor including the oxidizer post
involves accurate treatment of variation of flow properties from oxidizer post to
combustor chamber. Hence, it is important to evaluate the treatment of sudden jump
of mean flow properties in the current solver. In this test case the current solver is
evaluated for the treatment of sudden mean flow jump at a point in the straight duct
with other flow properties remaining same. The straight duct closed at both ends
considered in section 3.1 is now extended to a length of 0.8m with properties
remaining same all along the duct. However, a mean flow velocity jump is introduced
at a length of 0.17m from the inlet by adding mass. For the analysis, the duct from
inlet to the point of velocity jump is considered as domain-1 and the rest of the duct is
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considered as domain-2. Flow parameters are shown in Table 3.2. The Mach number
ratio M2/M1 indicates the amount of mass added to the flow.
Table 3.2. Operating parameters of straight duct with jump in mean flow
Domain 1 Domain 2
Length(m)

0.17

0.635

Diameter (m)

0.0422

0.0422

Density (kg/m3)

6.295

6.295

Temperature(K)

933.5

933.5

Pressure(MPa)

2.21

2.21

Speed of sound(m/s) 667.8

667.8

Mach number

0.08

0.1

Gamma

1.27

1.27

The frequencies and the growth rates of first three longitudinal modes obtained are
compared with the results from the in-house LEE solver as shown in Table 3.3. The
predicted frequencies are in very good agreement with the LEE solver results.
Although the predicted growth rates did not exactly match with LEE solver, the
stability of modes was accurately predicted. The in-house LEE solver and COMSOL
solve the same linearized Euler equations. So we would expect the growth rates to
match. However, the approach and numerical schemes adopted to solve the linearized
Euler equations is different in both the solvers and hence slight discrepancy in growth
rate values may be observed. Also, it must be noted that the main purpose of linear
reduced order models is to predict the stability of modes but not the absolute
magnitude of growth rate. In practice, combustion instabilities are characterized by
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the amplitude of fluctuations but not the growth rates. Hence, the magnitude of
growth rates is of little importance. However, it is very important for the linear
reduced order models to accurately predict the stability of modes. The current
approach predicted that all modes are stable irrespective of the boundary conditions,
which is expected as there is no source of heat release. The stable modes indicate that
mass addition leads to damping of fluctuations. To confirm the effects of Mach
number ratio on variation of frequency and growth rate, further analysis was
performed.
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Table 3.3. Comparison of frequency and growth rate of straight duct with jump in
mean flow

Inlet

LEE –(In-house Solver)

COMSOL

Frequency

GR

Frequency GR

Hz

rad/s

Hz

rad/s

-37.5

822

-17.09

1642.8

-27.3

1644

-19.66

2463.5

-32.0

2466

-18.66

close 1026.5

-24.3

1027

-20.98

1847.8

-38.0

1849

-16.7

2669.4

-26.3

2671

-20.35

821.4

-25.0

822

-20.35

1642.3

-35.2

1644

-17.34

2464.1

-30.0

2466

-18.4

1026.6

-38.2

1029

-18.84

1848.0

-24.5

1849

-22.36

2668.9

-36.2

2671

-17.46

Exit

close close 821.1

open

open

open

close open

The variation of frequency and growth rate of the 2L mode with the Mach number
ratio is shown in Figure 3.2 and Figure 3.3 respectively. The reference results used
for comparison are obtained by using the in-house LEE solver. The frequency was
observed to decrease with an increase in Mach number ratio due to the change in
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effective speed at which wave travels. Growth rate was observed to decrease linearly
and the stability of modes changed from unstable to stable as the Mach number ratio
is varied. A positive growth rate was observed when the Mach number ratio is less
than one indicating that mass removal from the system makes the fluctuation grow,
leaving system unstable. A negative growth rate or decay rate was observed when the
Mach number ratio is greater than one. This behavior can be attributed to the energy
discontinuity caused by adding or removing the mass from the system. When a
certain amount of mass is removed from a point in the system, in the acoustic domain
under study the energy entering the system is more than the energy leaving system.
(In acoustic analysis, no information is specified about the flow inlets or outlets.
Hence, the solver has no means to know about the mass removal or addition from a
point in the system. A jump in mean flow with uniform flow properties across the
duct creates energy imbalance between the two acoustic boundaries leaving the
system unstable/stable. However, this is not the situation in case of fluid flow analysis.
In case of fluid flow analysis, energy is conserved. The energy entering the system
(through all inlets) will be equal to the energy leaving the system (through all
outlets)). This causes the accumulation of energy in the acoustic domain and makes
the system unstable. Similarly, when mass is added, the system becomes stable as the
energy leaving the system is more than the energy entering the system. From Figure
3.3, it can be observed that the deviation of growth rate from LEE solver results was
more at higher Mach number ratio. However, accurate growth rates were observed at
low Mach number ratio.
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3.4

Straight Duct with Sudden Change in Mean Properties

A straight duct of length 0.34m and radius 0.0211m with a jump in flow
properties at 0.17m from inlet is considered here. The straight duct under
investigation represents the oxidizer post and combustion chamber as the properties
of flow changes upon combustion. To compare results with the analytical solution,
mean flow is neglected and both ends of duct are considered acoustically open.
Similar to case presented in section 3.3 two domain treatment is followed. To
simplify the analytical solution, densities and speed of sound across the domain are
chosen in such way that ratio of

= 1. The analytical solution for a straight duct

with a jump in mean properties at a location equidistant from both ends which are
acoustically open is given by

3.5
The general solution for the above case (both ends open) is
3.6
where

, a and b are lengths of domain 1 and 2, k1 and k2 are wave numbers

defined as k=ω/c. The details of geometry are given in Table 3.4
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Table 3.4. Operating parameters of straight duct with sudden change in properties
Domain 1

Domain 2

Density (kg/m3)

6.295

3.866

Speed of sound(m/s)

667.8

1087.2

Length

0.17

0.17

The frequency corresponding to the 1L mode for this case as predicted by COMSOL
is 1216.76Hz and is in excellent agreement with the analytical solution of 1216.74Hz.
The current solver predicted neutral behavior in terms of stability which is in
correspondence with the analytical solution. This shows that the mean property
variations are accounted correctly.
3.5

Straight Duct with Choked Nozzle

Combustion chambers generally use a choked nozzle which is often
acoustically treated as a closed boundary. Treating a short nozzle accurately helps to
account for losses through the nozzle. Hence, a special case of straight duct is
considered to validate the accuracy of choked nozzle boundary condition
implementation. A straight duct of length 0.17 m, radius 0.0021m, density 6.295
kg/m3 and a Mach number of 0.3, closed at inlet and choked at exit was considered.
The non-dimensional impedance of a choked nozzle was implemented in COMSOL
through the impedance boundary condition
3.7
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The analytical frequency and growth rate for this case is given by Eq. 3.8 and Eq. 3.9
3.8
3.9
where

is the frequency of the same duct considered with both ends closed and Y is

the admittance. The growth rate and the frequency values predicted by COMSOL
matched the analytical frequency and the growth rate, validating the accuracy of
current model. Comparison is shown in Table 3.5.

Table 3.5. Comparing the growth rates and frequencies obtained by COMSOL with
analytical solution for a Ma = 0.3, speed of sound = 667.8 m/s
COMSOL
Inlet

Outlet

Closed Choked

3.6

Analytical

Frequency Growth Rate Frequency Growth rate (rad/s)
(Hz)

(rad/s)

(Hz)

1964.11

-159.15

1964.11

-159.09

Straight Duct with Concentrated Heat Addition -Combustion Response Model 1
A straight duct of length 0.635m and radius 0.0211m with a heat source

concentrated in the middle of the duct is considered. The computational domain is
shown in Figure 3.4. This duct represents the combustion chamber with no mean
flow and maximum heat release in the middle of the duct. The heat release was
assumed to be in the middle of the duct as it would make the system similar to Rijke
tube and hence the analytical solution can be obtained to compare the results. In
addition, the Rayleigh criterion can also be verified. The implementation of heat
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release zone follows combustion response model -1. The flow properties are
considered uniform throughout the domain and are given in Table 3.6. There is no
jump in flow properties at the heat source because the flow properties considered
already correspond to combusted gas. From the experiment, the average heat release
is found to be 711KW [31]. According to Crocco’s pressure - time lag n - model,
the heat source or flame should be assumed as a plane sheet. But, in three
dimensional finite element modeling it is not possible to make such assumption.
Hence, the heat source is assumed to be concentrated in a very small volume. The
current analysis predicted the 2L mode at 1712 Hz which is complete agreement with
analytical results. The analytical solution for the straight duct with concentrated heat
release in the middle of duct is given by Eq. 3.10
3.10
Where
is the mean heat release
is the mean pressure
is the speed of sound
L is length of duct
is location of heat release from inlet
is the wave number
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Figure 3.4. Straight duct with concentrated heat release
The heat release profile is shown in Figure 3.5.The variation of growth rate of
2L mode with varying n-τ is shown in Figure 3.6. In Figure 3.6, normalized τ
represents the time lag normalized by the time period of wave and the growth rates
obtained were compared with analytical results. This non dimensional τ is a measure
of phase lag between the pressure and heat release fluctuations. The growth rate was
observed to be positive for non-dimensional τ between 0 and ¼ and ¾ to 1 which is
expected following the Rayleigh Criterion. The non- dimensional τ is nothing but an
indication of phase lag between the pressure and heat release fluctuations.

Figure 3.5. Heat release profile corresponding to 2L mode with n=1 and τ = 0 in
straight duct with concentrated heat addition
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Table 3.6. Operating parameters of straight duct with concentrated heat release
Parameter

Value

Density (kg/m3)

2.179

Temperature(K)

2544.8

Pressure(MPa)

2.16

Speed of sound(m/s) 1087.2
Length (m)

0.317

Mach No.

0.08

Gamma

1.19

As per the Rayleigh criterion [3], pressure fluctuations tend to grow when
both the pressure and heat waves are in phase and tend to decay when they are out of
phase. The same phenomenon has been observed in the current approach, verifying
the accuracy of the model. In addition, it is also observed that as the interaction index
n is increased the amount of growth or decay is increased. The growth rate values
obtained were compared with the analytical solution.
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Figure 3.6. Variation of growth rate of 2L mode with n and non-dimensional τ

3.7

Straight Duct with Heat Addition –Combustion response model-1

A straight duct of length 0.635m and radius 0.0211m with no mean flow and
heat added all along the length of duct is considered. The flow properties are
considered uniform throughout the duct and are given in Table 3.6. Heat release is
represented using combustion response model-1. The analysis performed here is
different from the analysis done in section 3.6 in the way heat is added to the system.
In section 3.6, heat addition is concentrated at a particular location. However, in this
analysis heat is distributed all along the length of duct following the pressure mode
shape. The results obtained through the current approach are compared with the
analytical solution obtained by following the approach described by Culick [15].
Applying Culick’s method yields
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3.11

3.12
Where
is the mean heat release
is the mean pressure
is the modified angular frequency in presence of heat release
is the angular frequency of system without heat release
is the growth rate in rad/s
For the system under study,

, where c is speed of sound and l is length of

duct. The heat release profile corresponding to a 2L mode is shown in Figure 3.7.
Figure 3.8 and Figure 3.9 shows the variation of frequency and growth rate with non
dimensional tau and compares it to the analytical solution. From the plots it can be
observed that the frequency and growth rate prediction by the current approach is in
very good agreement with analytical solution.
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Figure 3.7. Heat release profile corresponding to 2L mode with n=1 and τ = 0 in
straight duct with heat addition
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Figure 3.8. Variation of 2L mode growth rate with non-dimensional time lag for n=1
in straight duct with heat addition
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Figure 3.9. Variation of 2L mode frequency with non-dimensional time lag for n=1 in
straight duct with heat addition

3.8

Straight Duct with Distributed Heat Addition

In this case, instead of a concentrated heat release, heat addition is distributed in
the duct. So, it is just a single domain with distributed heat source. The flow
properties are same as the case presented in section 3.6. The distribution approach
adopted by Smith [61] was followed in order to verify the results. The heat release
distribution is given by

3.13

where

and

are normal distribution’s standard deviation and mean and A is cross

sectional area. The variation of normalized growth rate with standard deviation for
the 2L mode is shown in Figure 3.10. The growth rate in Figure 3.10 was normalized
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by the growth rate corresponding to concentrated heat addition for a particular n and τ.
Comparison with the existing results by Portillio et al [26] proved that the current
model has predicted correct trend that growth rates decrease with increase in heat
distribution. It is found that there is no effect of ‘n’ on growth rates. Also, as the
standard deviation approaches zero, the growth rates tend toward the concentrated
case.

Normalized Growth Rate
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Figure 3.10. Variation of growth rate with standard deviation for various ‘n’ values

3.9

Straight Duct with Concentrated Heat Addition-Combustion Response Model-2
In order to validate the implementation of combustion response model – 2

described in Eq. 2.44, a bench mark case by Dowling and Stow [23] was investigated.
A straight duct with uniform density, temperature and Pressure with heat source
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located at L/10 from inlet is considered. The inlet of the duct is acoustically open and
the outlet is acoustically closed. The computational domain is shown in
Figure 3.11.The flow parameters are shown in Table 3.7.

Figure 3.11. Computational Domain of Straight Duct with combustion response
model - 2
On analysis, it is found that the frequency of 1L mode decrease with increase in β.
The variation of frequency with β is shown in Figure 3.12. The frequency trend
predicted by the current solver is in good agreement with existing results. Also, as
shown in Figure 3.13 the variation of growth rate with non-dimensional τ also
followed the reference data to a great extent.

Table 3.7. Operating parameters of straight duct with combustion response model - 2
Domain 1

Domain2

Density (kg/m3)

1.1726

0.7817

Speed of sound(m/s)

347.25

425.29

Length (m)

0.1

0.9

Radius(m)

0.05

0.05
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Figure 3.12. Variation of frequency with β
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3.10 Quasi 1D Combustor
A complete combustion chamber with plenum, pre-mixer without the mean
flow was investigated using the current approach. This was one of the test cases
investigated by Dowling [23] analytically. The combustion response model is shown
in Eq. 3.14
3.14
3.15
where

is the air mass flow at the fuel injection point, taken to be at the start of

premixer, k is interaction index (similar to ‘n’ in Crocco’s n-τ model). The
computational model consists of a plenum, pre-mixer and combustor as shown in
Figure 3.14. Following two domain approach, the plenum and pre-mixer are grouped
as domain 1 and combustor was treated as domain 2. Following Dowling and Stow,
heat release was assumed to be concentrated at the entrance of the combustion
chamber. The inlet to the plenum is choked and hence is treated as closed boundary.
The outlet is open to atmosphere and hence is treated as open boundary. The details
of geometry are shown in Table 3.8.

Figure 3.14. Computational domain of quasi 1D combustor
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Table 3.8. Geometry and flow conditions of quasi 1D combustor [23]
Description

Value

Choked inlet, mass flow rate (kg/s)

0.05

Choked inlet, temperature (K)

300

Plenum, cross-sectional area (m2)

0.0129

Plenum Length (m)

1.7

Premixer, cross-sectional area (m2)

0.00142

Fuel convection time (s)

0.006

Premixer, length (m)

0.0345

Combustor, cross-sectional area (m2)

0.00385

Flame zone, temperature after combustion (K) 2,000
Combustor, length (m)

1.0

Open outlet, Pressure (Pa)

101,000

The resonant frequencies predicted by COMSOL when no heat release was
considered, k=0, were seen at 115 Hz, 206 Hz, 279 Hz, 329 Hz, 418 Hz and 517 Hz.
The frequencies obtained are in good agreement with the results obtained by Dowling
et al [23]. In addition to above specified resonant modes, a mode at around 32 Hz
corresponding to the bulk system mode was also noticed. The resonant mode
corresponding to 329 Hz frequency is the first chamber mode. All the modes are
found to be stable as expected since there is no heat source. On further analysis by
including the heat release, for k=1, resonant frequencies were found at 113 Hz, 203
Hz, 307 Hz, 410 Hz and 509 Hz. The mode shapes for the corresponding resonant
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frequencies with heat release are shown in Figure 3.15 and are in good agreement
with mode shapes obtained by Dowling analytically [23]. The frequencies obtained
are close to expected frequencies. From the Eigen modes obtained it was observed
that the modes corresponding to frequencies 307 Hz and 509 Hz were unstable. In
addition, an additional unstable mode at 165 Hz which was not seen for k=0 was
noticed. The frequencies and the growth rates obtained were compared to reference
results by Dowling [23] and Campa [24]. Campa simulated the same test case using
COMSOL following wave equation approach. Although the current approach
predicted the correct frequencies and stability, the magnitude of growth rates obtained
are slightly off from reference results by Dowling as shown in Figure 3.16.
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Figure 3.15. Mode shapes of resonant modes of quasi 1D combustor
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Figure 3.16. Frequency and growth rate of various modes of quasi 1D combustor
Comparing the growth rates with analytical results by Dowling [23] shows
that the current approach failed to consistently predict the growth rates accurately.
The density and velocity fluctuations being very small compared to pressure
fluctuations makes it very difficult for the solver to quantify them accurately.
Although a very fine mesh was used to simulate the current case, the combustion
response model used for this case being dependent on mass flow rate fluctuations
which is a product of density and velocity fluctuations lead to accumulation of round
off errors leading to error in growth rates. So, in order to accurately predict the
growth rates of resonant modes in COMSOL it might be better to use combustion
response functions based on pressure fluctuations or velocity fluctuations instead of
mass flow rate fluctuations. However, the growth rates obtained by the current
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approach matched with the growth rates obtained by Campa et al [24] indicating that
the combustion response function was correctly incorporated in the current solver.
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CHAPTER 4. EFFECT OF PERFORATED PLATE AND CHAMBER LENGTH
ON COMBUSTION INSTABILITIY

4.1

Accounting for Perforated Plate in COMSOL

In the acoustic analysis of a combustion chamber, not all boundaries can be
defined using the traditional well defined open and closed boundaries which
correspond to a zero pressure fluctuation and zero velocity fluctuation respectively. In
an experiment where a perforated plate was used as an injector, it is necessary to
consider the presence of plate while performing a computational study. But, it is not
possible to impose any of the traditional boundary conditions, hence such boundaries
or obstacles in flow are defined by the impedance due to the boundary or obstacle.
One such boundary is a perforated plate and here we validate the current solver
treatment of perforated plate by defining the impedance.
The specific acoustic impedance of perforated plate is given by
(4.1)
Where,

and

are specific acoustic resistance and reactance. Various expressions

for specific acoustic resistance and reactance are described in a number of papers.
Following the mathematical model described by Bauer [32],
(4.2)
where

is the resistance of surface with holes so small that the flow is completely

viscous and the porous Reynolds number is much less than one.

is the resistance of
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surface with holes large enough that flow is not completely viscous and porous
Reynolds number is much greater than one.
For a perforated plate,
much greater than 1 and

is equal to zero because the porous Reynolds number is
is given by

(4.3)
where ‘t’ is the thickness of plate, d is the diameter of the holes,

is the ratio of hole

areas to the total area, c is speed of sound. The remaining two terms in the expression
for

,

and

, account for the non-linear effects due to large

and the

grazing flow effects respectively. Various experiments were done in the past in order
to quantify the non-linear and grazing flow effects. The expression for specific
acoustic reactance assuming the flow to be inviscid and that end effects due to orifice
flow are negligible is given by
(4.4)
Since the terms

and

are very small compared to 1 and replacing

the thickness with effective length ‘l’ accounting for end effects as used by Bell [33],
the above equation reduces to
(4.5)
Since kl is usually small compared to 1, the above equation can be written as
(4.6)
(4.7)
where

is an end factor effect. Experiments by Rice [34] and Bauer indicated that

=0.25 for grazing flows and experiments by Dean [35] suggests that

=0.5 for
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zero grazing flow. Combining all pieces together, the expression for the impedance of
perforated plate neglecting the non-linear effects and grazing flow effects as used in
the current solver is given by,

)
where,

is equal to

correction,

- resistance of surface,

- diameter of hole and

(4.8)

- thickness of plate,

porosity. The parameters

,

- end
and

in the

above equation for impedance were modified by Andersen [36] following the
impedance formulation by T. Elandy [37] in order to account for the effects of mean
flow. The modified parameters are given in Table 4.1.

Table 4.1. Modified parameters to account for mean flow effects in impedance
formulation
Parameter

Comsol

Modified

Flow resistance
(bias flow)
Flow resistance
(Grazing flow)
Hole diameter
End correction

The analysis of a perforated plate in the current solver was validated by
considering an academic configuration of two co-axial cylinders with the inner
cylinder being perforated. The third dimension was considered very thin. This
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configuration was chosen in order to compare the results obtained using the current
solver with the available analytical solution [38]. The parameters for the
configuration considered are as follows: velocity of fixed bias flow U=5 m/s, a=3 mm,
diameter of hole (d) =35 mm, radius of inner cylinder (r1) = 0.2 m and radius of outer
cylinder (r2) = 0.25 m and speed of sound (c) =347 m/s. The frequencies and growth
rates obtained are compared with analytical results as shown in Table 4.2.

Table 4.2. Comparing the frequency and growth rate obtained by COMSOL with
analytical solution for various modes
Analytical

COMSOL

Frequency

Growth Rate(1/s) Frequency

(Hz)

Growth

(Hz)

Rate(1/s)

Azimuthal Mode -1

382.5Hz

-18.8

370

-18.8

Radial Mode

533.21

-97.5

512

-94.69

Azimuthal Mode-2

610.48

-21.4

604.13

-16.11

The frequencies and growth rate agree well with the analytical values.
Negative growth rate indicates the damping of acoustic mode due to the presence of
perforated plate. 2D pressure distribution and modes shapes for the azimuthal mode 1 and radial mode are shown in Figure 4.1 and Figure 4.2 respectively. Both from the
2D pressure distribution and mode shape the change in pressure across the perforated
plate can be clearly identified.

57

Figure 4.1. Normalized pressure distribution of azimuthal mode - 1(left) and radial
mode (right)
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Figure 4.2. Pressure Mode shape of a) azimuthal mode -1and b) radial mode-1

To better understand the effects of acoustic behavior of perforated plate,
variation of frequency and growth rate with biased flow velocity is also studied. From
Figure 4.3 and Figure 4.4 it can be observed that frequency decreased with increase in
biased flow velocity. Whereas growth rate decreased with increase in velocity up to
around 20 m/s and then it started to increase, indicating that damping is highest when
bias flow velocity is around 25m/s. The variation of decay rate with biased flow
indicates that bias flow strongly affects the acoustic behavior of perforated plate. The
maximum decay rate obtained at optimum biased flow velocity might be because of
the increased losses at optimum biased flow when compared to other biased flow
velocities [38].
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Figure 4.3. Variation of frequency and growth rate with bias flow velocity for
azimuthal mode
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Figure 4.4. Variation of frequency and growth rate with bias flow velocity for radial
mode
Further comparing the variation of frequency for both radial and azimuthal
modes with biased flow velocity as shown in Figure 4.5indicates that drop in
frequency for the radial mode with a biased flow velocity is more predominant

60
compared to azimuthal mode. This indicates that biased flow velocity has more
impact on the radial mode compared to azimuthal mode. Also, the decay rates for
radial mode are considerably high compared to the azimuthal mode. This might be
because of the strong pressure difference across the perforated jump observed in the
radial mode shape plot shown in Figure 4.2
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Figure 4.5. Variation of frequency of azimuthal mode and Radial mode with bias flow
velocity
The prediction of biased flow effects on perforated plate by the current
approach is in good agreement with analytical results and can be readily verified [38].
From the observations on affects of biased flow on acoustic behavior it can be said
that biased flow must be carefully accounted and treated while analyzing stability of
chamber.
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4.2

Effect of Perforated Plate and Nozzle on Chamber Acoustics

Confirming that the perforated plate boundary condition was correctly
accounted in the current solver, the acoustics of a combustion chamber along with a
perforated plate and choked nozzle were analyzed. The case presented here is the test
case from 2nd REST workshop on combustion instability modeling held at Ottobrunn.
The experiment performed by Kathan [63] consists of a cylindrical combustion
chamber with a nozzle extended to supersonic part to make sure the flow is choked at
throat. The chamber was excited by an external siren to create perturbations in the
flow. The experimental setup and the combustion chamber are shown in Figure 4.6 &
Figure 4.7 respectively. Details about combustion chamber are given in Table 4.3.
The operating conditions are described in the Table 4.4.

Figure 4.6. Schematic of experimental setup by Kathan et al

62

Figure 4.7. 2-D model of combustion chamber [62]

Table 4.3. Nomenclature and corresponding values of combustor with nozzle [62]
Description

Symbol Value Unit

Diameter combustion chamber

92

mm

Diameter nozzle throat

60

mm

Diameter nozzle exit

64

mm

Radius nozzle entrance

R1

119

mm

Radius nozzle exit

R2

53

mm

Length combustion chamber

L1

107

mm

Length convergent subsonic nozzle section

L2

73

mm

Length divergent supersonic nozzle section

L3

20

mm

Angle conical converging nozzle section

25

mm

Angle conical diverging nozzle section

6

mm

30

mm

Eccentricity of excitation

E
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Table 4.4. Operating parameters [62]
Description

Value

Unit

Combustion chamber pressure

1.65E+05 Pa

Combustion chamber temperature

290

K

Main mass flow

1.1

kg/s

Siren mass flow

0.05

kg/s

Excitation air total pressure upstream of siren disk 9.00E+05 Pa

In Figure 4.7 the combustion chamber starting from downstream of the
perforated plate is only shown. In case of combustion chamber with a perforated plate,
L1 is 142 mm and the perforated plate is located 35 mm from chamber inlet. Analysis
was performed in steps starting with the simple chamber followed by chamber with
nozzle and then finally chamber with perforated plate and nozzle. For a simple
straight chamber with no mean flow, the analytical solution for first transverse mode
in a straight duct of with both ends acoustically closed as mentioned by Kathan et al
[39] is
4.9

where c is the speed of sound in chamber and

is the radius of chamber. The

frequency obtained by current approach 2174 Hz was in very good agreement with
analytical frequency 2176 Hz. This verifies that the current approach has predicted
the transverse mode accurately. The normalized pressure fluctuation in the chamber
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for first transverse mode is shown in Figure 4.8. From Figure 4.8, it is evident that
we observed a pure 1T mode.

Figure 4.8. Normalized pressure distribution of 1st transverse mode in combustor with
no mean flow
In the presence of mean flow, the analytical solution for the 1T mode as mentioned by
kathan et al [39] is
4.10
where

is the frequency when Mach number is zero and M is the Mach number

of the mean flow. For M=0.24, frequency obtained by the current approach 2084 Hz
is in close agreement with analytical frequency 2098 Hz with an error of 1%. The
pressure fluctuation in the chamber for first transverse mode is shown in Figure 4.9.
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Figure 4.9. Normalized Pressure distribution of 1st Transverse mode in combustor
with mean flow
After confirming that the current approach has predicted the transverse frequencies
well in accordance with the analytical solution, the combustion chamber with nozzle
and perforated plate was modeled.

Figure 4.10. Computational domain of combustion chamber with nozzle and
perforated plate
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In the present computational model shown in Figure 4.10 the exit was
modeled as a choked nozzle and the inlet as an acoustically closed boundary. In the
current approach this experiment was modeled as two cases, one without perforated
plate and the other with perforated plate. The perforated plate boundary condition was
implemented by specifying the admittance. This model does not involve any heat
response model. But, this model includes the mean flow since the Mach number is not
very small to neglect the effects. In the current approach the frequency for the first
transverse mode without the perforated plate was found to be 2087 Hz which is in
very good agreement with the frequency predicted by several other groups. Also, the
current approach predicted a damping coefficient of nozzle to be 51
close agreement with the experimental value 68

which is in

. The normalized pressure

fluctuation for the first transverse mode with nozzle is shown in Figure 4.11.

Figure 4.11. Normalized pressure fluctuation of 1st transverse mode in combustor
with nozzle
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The effect of the choked nozzle on the acoustics of chamber can be observed
by comparing the pressure fluctuations in the chamber with and without nozzle. It
was observed that the 1T mode was formed only in the chamber and it vanished in the
nozzle because of the choked nozzle boundary condition at the exit. In the second
case, the perforated plate was included in the computation and as specified above it
was described by the admittance. The description of the perforated plate is shown in
Figure 4.12.

Figure 4.12. Description of Perforated plate
where
perforations,

-diameter of plate,

-distance between two

-diameter of perforation [33]. This plate contains 58 holes

and thickness of plate ‘t’ is 1 mm. The frequency obtained by the current approach for
the first transverse mode is 2136 Hz, which is in close agreement with the
experimental value 2160 Hz. The experiments conducted by the Kathan et al [63]
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predicted that the damping due to the perforated plate dominates the damping due to
the nozzle, and the same has been found through the simulations. Growth rate
predicted by current approach is -408 s-1, whereas from experiment it is measured to
be -585 s-1. The results obtained are compared with the experimental data and with
results from other groups as shown in Table 4.5. The difference in the decay rate
between experiment and current solver may be due to the unaccounted loses
associated with the experiment.
Table 4.5. Comparison of frequency and growth rate of combustion chamber with
nozzle and perforated plate [39]

Experiment GTL ONERA COMSOL

Frequency without perforated plate (Hz)

-

-

2085

2084

Frequency with perforated plate (Hz)

2160

2146

2145

2136

Damping – nozzle (s-1)

-68

-51

-375

-53

Damping – nozzle + perforated plate (s-1)

-573

-

-690

-408

Further, it is observed that a perforated plate has a greater impact on acoustic
damping than the choked nozzle. Hence, one should consider perforated plate during
a complete engine analysis.
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4.3

Effect of Chamber Length on Instability

The effects of chamber length on combustion instability were studied by
analyzing a Single Element Combustor which was experimentally investigated by
Miller et al [6]. The single element combustor is shown in the Figure 4.13. The
oxidizer post is 2.05 cm wide and 17.1 cm long. The combustion chamber can be
discretely varied by adding or removing the sections from 25.4 to 88.9 cm. The
chamber diameter is 4.65cm and the mean chamber pressure is 2.4MPa. The oxidizer
used is 90% weight hydrogen peroxide passed through sliver catalyst bed. The fuel
used is kerosene. The average Mach number and acoustic speed are 0.28 and 668m/s
in the oxidizer post and 0.12 and 1090m/s in the combustion chamber. The oxidizer
post is choked at the inlet and the chamber ends with a choked nozzle. A complete
description of experiment and the results were provided by Miller et al [6].

Figure 4.13. Experimental setup – test rig used by Miller et al [6]

The computational model is set up as a two domain model. The first domain
corresponds to the oxidizer post and the second domain represents the chamber. The
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computational model is shown in Figure 4.14. A choked flow boundary condition is
set up at the inlet and a choked nozzle boundary condition is set up at the exit. In this
model, mean flow is also considered because the Mach number is around 0.28 in the
oxidizer post which will have an impact on the acoustics. Mean flow was neglected in
the acoustic analysis performed by Miller et al.

Choked

Choked

Inlet

Nozzle

Figure 4.14. Computational domain of experimental rig used by Miller et al

Computations are performed for various experimental test cases with varying
chamber lengths and flow rates. The test conditions, measured frequencies and the
predicted frequencies are shown in Table 4.6. The test case name indicates the length
of chamber in inches, flow rate (D=Design) and injector type respectively. The
density and speed of sound in chamber are obtained by CEA analysis. The
frequencies predicted by the current approach are in good agreement with the
experimental frequencies and also maximum error is around 6%. Also, the current
approach predicted a growth rate in all the cases indicating the modes are unstable.
The frequencies obtained by neglecting mean flow are more close to the experimental
frequencies but without mean flow it would not be possible to predict if the mode is
unstable or not. Also, the reduction in frequencies compared to the acoustic analysis
by Miller et al was expected because of the mean flow. A change in combustion
chamber length varied the instability frequency from 1100 – 1850 Hz. The chamber
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length has affected the mode at which instability occurs. The first four
eigenfrequencies for various chamber lengths along with their growth rates are given
in Table 4.7. When the chamber length was changed from 50.8 to 63.5 cm, the
instability transitioned to a higher mode. This is in agreement with what Miller et al
predicted.

Table 4.6. Comparison of frequency and growth rate predicted by COMSOL with experimental results for various test conditions [6]
Test

Chamber O/F Pc

Density

Speed of

Length

(Chamber) sound

gamma Frequency

Frequency

(Experiment) (COMSOL ) Rate

(Chamber)
cm

Mpa kg/m3

m/s

Growth

Error
(Frequency)

(COMSOL)
Hz

Hz

1/s

%

10D1 25.4

6.3

2.38

2.27

1101

1.16

stable

-

-

15D1 38.1

6.2

2.21

2.10

1101

1.16

1502

1454 (2C)

7.60

3.20

20D1 50.8

6.5

2.21

2.10

1099

1.15

1184

1135(2C)

0.73

4.14

25D1 63.5

6.5

2.14

2.04

1098

1.15

1709

1707 (3C)

5.30

0.12

25D2 63.5

6.3

2.18

2.08

1101

1.15

1672

1711 (3C)

5.40

2.33

35D1 88.9

6.3

2.18

2.08

1101

1.15

1721

1827 (4C)

3.93

6.16

35D1 88.9

6.3

2.22

2.12

1101

1.15

1233

1246 (3C)

2.16

1.05
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Table 4.7. Frequency and growth rate of first four longitudinal modes at various chamber lengths
Chamber Length=38.1cm

Chamber Length=50.8cm

Chamber Length=63.5cm

Chamber Length=88.9cm

Frequency

Growth Rate

Frequency

Growth Rate

Frequency

Growth Rate

Growth
Frequency
Rate
Hz

1/s

Hz

1/s

Hz

1/s

Hz

1/s

1

853

-18

807.15

-13.67

742

-3

883

-16

2

1454

7.6

1135

0.73

981

-6.15

1246

-2.09

3

2543

-12.6

2102

6.5163

1706

5.3

1827

3.93

4

2929

1.5

2626

-16

2467

4.11

2393

0.915

73
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Mode shapes of 2C (C - Coupled) and 3C modes for chamber length 88.9 cm are
shown in Figure 4.15 and Figure 4.16 respectively. From the values of the growth
rates it is evident that the 2C mode is damping whereas the 3C mode is unstable. A
negative growth rate indicates damping and a positive growth rate indicates a growth
of pressure fluctuations.

Figure 4.15. Pressure mode shape of 2C mode corresponding to chamber length 88.9
cm

Figure 4.16. Pressure mode shape of 3C mode corresponding to chamber length 88.9
cm
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The 2C mode shape mode indicates a pressure node at the entrance of a
combustion chamber. Based on negative growth rates and the experimental
frequencies, this mode is stable. The 3C mode shape indicates the pressure node is
shifted back and we observed instability. The same trend is observed in all other cases.
When there is a pressure node at the entrance of combustion chamber the mode is
damped. So, by adjusting the length of the chamber the system can be either
stabilized or destabilized. This is in agreement with existing results from Miller et al.
This test case verified that the effect of combustion chamber length on resonant
modes is correctly predicted.

4.4

Study of Reheat Buzz in Gas Turbine Combustor

Bloxsidge et al [41] worked on reheat buzz which is a low frequency instability
in afterburners. Langhorne et al [42] developed a test rig to study those instabilities
and performed a series of experiments. A heat release model of combustion response
model was developed by Bloxsidge et al to compare the frequencies and mode shapes
with the experimental results. The geometry of the reheat buzz rig is shown in Figure
4.17. The chamber is a circular duct and its length can be varied. Air is supplied at
constant pressure through the inlet and is mixed with Ethylene in the nozzle
supplying a constant mass flow rate to the working section. As shown in Figure 4.17,
the flame is stabilized in the wake of a gutter. The experiment was performed at
various lengths and equivalence ratio. Table 4.8 lists the various configurations at
which the tests were performed.
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Figure 4.17. Experimental rig used by Langhorne et al [42]
Table 4.8. Test conditions for various configurations
Configuration 1 Configuration 2 Configuration 2 Configuration 3
Equivalence ratio

0.7

0.65

0.66

0.65

Inlet Mach number 0.08

0.08

0.08

0.08

XG

1.18

0.74

0.74

1.19

L

1.92

1.48

1.48

2.18

Bloxsdige’s flame model [41] is given by,
(4.11)
Where
time delay,

is the strouhal number,

is the mean heat release,

is the mean flow velocity at gutter lip,

is the radius of gutter. Two

distinct forms of time delays were observed by Bloxsidge et al.
For low fuel air ratio,

is the
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(4.12)
For high fuel air ratio,
(4.13)
where

is the local speed of sound.
From the experiments by Langhorne it is found that the burning persists

throughout the region downstream of the flame holder. Hence a distributed heat
release is considered. The mean heat release distribution obtained by the experimental
group through C2 radical light emission is used in the current approach. The
computational domain is shown in Figure 4.18 and the boundary conditions are
chosen as specified in the theory. The inlet is treated as choked inlet because the mass
flow rate is constant and the outlet as an acoustically open boundary.

Choked Inlet

Open Exit

Figure 4.18. Computational domain of reheat buzz experiment
The experimental heat release variations along the length of the combustion
chamber are estimated from the graphs described by Dowling et al [42]. The effect of
the reduced area in the region where the gutter has been placed is also included by
varying the mean flow velocity. In addition, the mean flow effects in the combustion
chamber are also included. Bloxsidge’s flame model is incorporated into this
simulation in the form of a heat source. The properties of flow such as speed of sound
and density were estimated using NASA’s CEA. The variation in speed of sound
along the combustion chamber is calculated using the heat release profile. By this we
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made sure that τ is correctly treated as it is defined in the current combustion response
function based on local speed of sound.
For configuration 1, the heat release profile is shown in Figure 4.19.
Equivalence ratio for this case is 0.7. Hence τ is calculated using the equation
corresponding to higher equivalence ratio. The frequency obtained by theory for this
configuration is 81.7 Hz and predicted a positive growth rate. The frequency obtained
by the current approach is 80.6 Hz and also predicted a positive growth rate. The
frequency predicted by the current approach is in good agreement with the theory.
The experimental frequency for the same is 77 Hz. A mode shape plot comparing
with experiment is shown in Figure 4.19. The current approach slightly over predicted
the mode shape than the experiment [41]. We believe that it is because of the fact that
the heat release is approximated from the graph and also in the current approach we
used a piecewise cubic fit for the experimental heat release where as in theory a
spline fit was used. In this analysis, ‘theory’ refers to the analytical approach adopted
by Bloxsidge et al to verify the heat release model that they have developed.
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Figure 4.19. Configuration 1 - heat release distribution [top] and mode shape [bottom]
For configuration 2, the mean heat release profile is shown in Figure 4.20.
This configuration has a reduced length and equivalence ratio is 0.65. Hence the tau
corresponding to low equivalence ratio is used. The frequency obtained by the current
approach for this configuration is 75.9 Hz and is in very good with the frequency
predicted by theory 75.5Hz. Both the theory and current model predicted a stable
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mode (negative growth rate). The mode shape plot comparing with experimental data
is shown in Figure 4.20. Current approach slightly under predicted the mode shape
when compared to experimental mode shape.

Figure 4.20. Configuration 2 - heat release distribution [top] and mode shape [bottom]
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For configuration 3, the same length as in configuration two is maintained
whereas the equivalence ratio is increased to 0.66. Hence τ corresponding to the
higher equivalence ratio was used. The mean heat distribution is shown in Figure 4.21.
The frequency predicted for this configuration is 89.4 Hz, which is in close agreement
with the frequency predicted by theory, 88.3 Hz. Both theory and the current
approach predicted unstable mode. The experimental frequency is 103 Hz which is
higher than frequency predicted by theory. It is because of the heat release
approximation. With improved heat release, theory and experiment are in good
agreement. But for the computation performed here the improved heat release was not
considered. Mode shape plot is shown in Figure 4.21.
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Figure 4.21. Configuration 3 - heat release distribution [top] and mode shape [bottom]

For configuration 4, the length of chamber is increased to 1.92m whereas the
equivalence ratio is 0.65. The mean heat release is shown in Figure 4.22. The
frequency predicted for this configuration is 82 Hz, which is in close agreement with
the frequency obtained by theory 80.1 Hz. The mode shape plot compared with the
experimental mode shape is shown in Figure 4.22. Similar to other cases, the mode
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shape is slightly over estimated. Both the theory and computational model predicted
an unstable mode (positive growth rate).

X
(m)
Figure 4.22. Configuration 4 - heat release distribution [top] and mode shape [bottom]
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For all above configurations, though the predicted mode shapes deviate
slightly from experimental mode shape, but they are in agreement with mode shapes
predicted using the theory explained by Bloxsidge et al.
In the above test cases where a flame model was used to describe combustion
response, the frequencies and the stability of modes are well interpreted by the current
solver, indicating that the utilized combustion response model can account for
changes in length, equivalence ratio and inlet temperature. However, the mode shape
agreed well with the experimental data in cases of low equivalence ratio than high
equivalence ratio. The disagreement at high equivalence ratio is mainly because of
two reasons, one the mean flow effects and two the heat release distribution. Heat
release distribution along the chamber is approximated by measuring a curve fit. At
high equivalence ratios due to high heat release, using approximated heat release
distribution with even a slightest deviation from experimental values can affect the
mode shape. Mean flow also affects the mode shape. Hence it is worth noticing that
with better heat release approximation, it is possible to accurately model the
combustion instabilities.
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CHAPTER 5. APPLICATION TO TRANSVERSE INSTABILITY CHAMBER

The current approach is then applied to study and analyze the self-excited
transverse instability chamber (TIC) shown in Figure 5.1. In the current study, a
seven injector TIC with oxidizer posts choked at the inlet and the chamber ending
with a choked nozzle was considered. The oxidizer - decomposed 90% H202 mixes
with the methane at O/F 7.8 at a chamber pressure of 0.965 MPa.

Figure 5.1. Transverse Instability Chamber

86
The properties of gas in the oxidizer post and combustion chamber were
calculated using CEA. The mean flow velocity in chamber is 0.1 Mach (100 m/s) and
in oxidizer posts 0.33 Mach (230 m/s) made the current approach an appropriate
choice over wave equation. From the CFD simulations of TIC [7] the overview of
instability is shown in Figure 5.2.

Figure 5.2. Overview of instability in TIC from LES simulation [7]
Crocco’s n-τ model was chosen as the combustion response model for this
simulation. In this simulation main emphasis is laid on low instability period, which
means the n-τ values used in this simulation correspond to low instability period. In
order to obtain n-τ values by post processing of CFD results, the entire chamber of
TIC has been divided into seven zones corresponding to seven posts as shown in
Figure 5.3. The time averaged heat release over five low amplitude instability cycles
across the chamber obtained from CFD simulations [7] is shown in Figure 5.4.
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Figure 5.3. Zone sectioning of TIC to obtain n-τ parameters

Figure 5.4. Heat release distribution in the TIC chamber over five cycles [7]

88
From Figure 5.4 of heat release distribution in the chamber, the average heat release
in the chamber was found to be 5.755E+04 Watts. Using this average heat release and
considering chamber pressure as average pressure, n for each zone was determined at
the maximum location of heat release in each zone and is averaged over few cycles to
get better approximation of n each zone. Similarly τ for each zone was determined by
calculating the time between the peak heat release value and peak pressure value in
each zone, using the primary acoustic frequency as a guide to pick out the peaks. The
time lag found for several cycles in each zone was averaged to get those final τ
values. The n – τ values corresponding to each zone are shown in Table 5.1.
Table 5.1. n-τ values corresponding to each zone of transverse instability
chamber
Zone τ(ms)

n

1

-0.0668 0.286

2

0.0016

1.6951

3

0.0169

1.4497

4

0.0248

0.5861

5

0.0347

1.6021

6

0.0064

1.8755

7

-0.0478 0.5002

In the current simulation, instead of distributed heat release seven compact
heat release zones are considered corresponding to seven injector elements in the
middle of chamber along transverse axis as shown in Figure 5.5. Compact zones were
preferred over distributed heat release zones to reduce the computational cost. Also
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the position of compact zones in the middle of chamber points to the assumption that
maximum heat release occurs at the location where the vortex hits the wall. The heat
release zones for all posts are considered at the center of chamber because the n-τ
values are determined by zoning considering that each zone is not connected to
another.

Figure 5.5. Computational setup of TIC in COMSOL
The frequency of 1W mode obtained by the current approach is 2076 Hz is in
good agreement with the frequency obtained by the CFD simulation 2048 Hz [7]. The
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error in frequency is 1.3%. Also the growth rate predicted by the current approach is
25.5s-1 clearly indicating an unstable mode. The pressure mode shape and for 1W
mode is shown in Figure 5.6.

Figure 5.6. Pressure mode shape for 1W mode of TIC at 1.5 in downstream of
injector plane
Also, the distribution of normalized pressure fluctuations in the entire
combustor is shown in Figure 5.7. From Figure 5.7, it can be clearly seen that the
acoustics in TIC are accurately predicted. When there is a pressure anti-node on one
wall, it is amplified by the pressure anti-node in the driving oxidizer posts close to the
wall. Similarly the opposite of this trend occurs on the other wall. Similar trend was
predicted by CFD simulations. CFD simulation required approximately 3 months to
get the solution whereas through COMSOL using linearized Euler equations with
combustion response models we were able to get the solution in a couple of hours.
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Figure 5.7. 3D Normalized pressure fluctuations corresponding to 1W mode of
transverse instability chamber
The instability mechanism and frequency of 1W mode of transverse instability
chamber are closely predicted by the current approach. On comparison with
experimental frequencies of TIC as shown in Figure 5.8, it was observed that the
current approach predicted the 1W mode frequency close to experimental frequency
1850 Hz. The small discrepancy is due to approximation of chamber properties using
NASA CEA. Also, the phase difference between wall 1 and wall 2 was found to be
180⁰ as shown in Figure 5.9, which is in correspondence with experimental and CFD
results. The pressure ports on wall 1 and wall 2 are located 1.5in downstream of
injector plane. The pressure mode shapes in posts are shown in Figure 5.10

92

Figure 5.8. Power spectral density plot of transverse instability chamber from
experiment

Figure 5.9. Phase difference between wall 1 and wall 2 of transverse instability
chamber
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Figure 5.10. Pressure mode shape in various oxidizer posts of transverse instability
chamber

5.1

Effect of n- τ on Stability of Modes in Transverse Instability Chamber

The effect of each post on the instability of TIC was investigated by performing
n- τ parametric study. Figure 5.11 shows the variation of growth rate of 1W mode
with n and τ (here τ refers to non-dimensional τ, expressed as τ/ T, where T = time
period). The lines indicate the variation of growth rate with τ when n=1 and diamond
shaped points indicate the growth rate variation with n for τ = 0. The line ‘all posts’
indicates the variation of growth rate when all posts have same τ, whereas the lines
‘Post #’ indicate the variation of growth rate with τ for that particular post when the τ
for rest all posts is zero.
It was observed that the growth rate trend of TIC is similar to the growth rate
trend of circular duct when all posts have same τ. In contrast to the straight duct with
closed ends where growth rate was zero for τ = 0.25 and 0.75, we observed a negative
growth rate when τ is 0.25 and 0.75. This is because of the short nozzle boundary
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condition in case of TIC. Further analysis on contribution of each post for overall
growth rate revealed that the central element has the minimum effect and the outer
elements have most effect with n - τ variation. In addition, similarity was observed
between the effects of posts on either side of center element.
25
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15
10
5
0
-5

-10
-15
-20
-25
0

0.2
All Posts

0.4
0.6
Non dimensional tau
Post 1
Post 2

0.8
Post 3

Post 4

Post 5

Post 6

Post 7

Post 1 : n=2

Post 2 : n=2

Post 3 : n=2

Post 4 : n=2

1

Figure 5.11. Variation of growth rate with n-τ for 1W mode of transverse instability
chamber
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5.2

Effect of Nozzle Shape

Although it is believed that the oxidizer post length is the primary geometric
parameter that effects combustion instability of chamber, other components such as
nozzle length might also have drastic effects on combustion instability of chamber
[65-66]. Hence, the effect of nozzle shape on TIC was analyzed here using COMSOL.
The transverse instability chamber was analyzed by keeping the post length constant
at 7 inches and varying the nozzle length. The analysis was performed by not
including mean flow and combustion response models in order to study the effects of
nozzle length alone. The normalized pressure fluctuations corresponding to 3W mode
for three different nozzle configurations of TIC are shown in Figure 5.12. However,
no impact of nozzle shape was observed on modes 1W and 2W.

a)
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b)

c)
Figure 5.12. Normalized pressure fluctuations corresponding to 3W mode in
transverse instability chamber for different nozzle lengths. a) Nozzle length: 1.1 in b)
Nozzle length: 2.6 in c) Nozzle length: 3.1 in

The pressure fluctuations shown in Figure 5.12 are all normalized by the
maximum pressure. In Figure 5.12a, where the nozzle length is 1.1 inches, it was
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observed that mode shape in chamber almost remained same throughout the chamber.
However, as the nozzle length was increased mode shapes in the chamber varied a lot.
As it can be seen from Figure 5.12b, where the nozzle length was increased from 1.1
in to 2.6 in, the first and third pressure nodes moved towards center of chamber up to
3/4th of chamber and then moved out as we move down towards nozzle. This
movement of pressure nodes has led to form curved mode shapes in the chamber. In
addition, it is also noticed that the pressure fluctuation in the post 1 and 7 are small in
contrast to the high pressure fluctuations in the same posts for shorter nozzle length
case. As the nozzle length was further increased to 3.1 in, further changes in pressure
mode shape in the chamber were noticed. In this case, the 3W mode in chamber was
present only up to the middle of chamber and then it vanished as we move down
towards nozzle. However, a 1W transverse mode is started to form in the nozzle. In
addition, it is also observed that the pressure fluctuations in the posts 3 and 5 are very
small. It is also observed that the pressure fluctuations are highly damped in case b
where the nozzle length is 2.6 in and the minimum damping rate is observed in case a
where the nozzle length is 1.1 in. The higher damping rate in case b can be due to the
fact that the pressure fluctuations in 3 posts were almost zero compared to only one
post in case a.
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Figure 5.13. Variation of phase difference between wall1 and post 1 with nozzle
length for 3W mode
The phase difference variation between wall 1 and post 1 for 3W mode is
shown in Figure 5.13. The phase difference between the locations wall 1 and post 1
was obtained from the mode shapes as the approach is currently limited to frequency
domain. The phase difference seemed to decrease slightly with increasing nozzle
length up from 0.1 to 2.5 inches and then from 3.1 to 4.5 inches. This indicates that
nozzle length has opposite effect to that of post length variation. However, the sudden
jump in phase difference in between 2.6 and 3.1 inches is due to a drastic change in
mode shape. Through the previous experiments on single element combustor it was
observed that post length has dramatic effect on combustion instability. Nozzle length
variations producing the opposite effect of post length variations might play a very
important role in determining the best engine design. The impact of nozzle length was
further analyzed by choosing a TIC of post length 3.3 inches since an experimental
investigation is in progress for this configuration. In the analysis, two interesting
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modes were observed, 3W and 3W - 1L in chamber. The variation of two modes
under study with nozzle shape is shown in Figure 5.14.

Figure 5.14. Continued
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Figure 5.14. Continued
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Figure 5.14. Continued
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Figure 5.14. Variation of 3W and 3W - 1L mode in chamber with varying nozzle
length. (Left – 3W mode, Right – 3W-1L mode, ln(#) – length of nozzle in meters, #
- sequence number)
From the study, it was observed that as the nozzle length is increased, the
initial 3W mode which is present at shorter nozzle lengths vanished as the nozzle
length is increased. However, the initial 3W- 1L mode which is present at shorter
nozzle lengths modified into a 3W mode with increasing nozzle length. This
exchange in energy between these two modes might be the reason for the varying
mode shapes observed with increasing nozzle lengths. However, it is yet to be
understood what is causing this energy exchange. Also, since the current simulations
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of nozzle length variation do not include the effects of mean flow and combustion
response function, further analysis and experimental investigation is required to
confirm the true effects of nozzle shape.
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CHAPTER 6. SUMMARY

6.1

Conclusion

The approach of predicting and analyzing combustion instabilities by solving
the linearized Euler equations along with combustion response models using a
commercially available solver COMSOL was presented along with its validation and
application to transverse instability chamber. The effects of combustion response
function on stability of chamber were accurately predicted by the current solver.
However, some discrepancy in results was observed while accounting for mean flow
effects. Through mean flow jump, it was observed that instabilities damp/grow by
adding/ removing mass (changing mass flow rate) from the system as this process
creates a discontinuity in the energy field. The instabilities grow/damp based on if the
energy discontinuity causes a net accumulation of energy in the system or not. The
effects of choked nozzle and perforated plate on acoustics of chamber were studied
by using impedance boundary condition technique. Both choked nozzle and
perforated plate leads to damping of instabilities. Damping due to a perforated plate
completely dominates damping due to choked nozzle.
The combustion instabilities in a transverse instability chamber were well
predicted by the current solver. The frequency of 1W mode predicted closely matched
with the frequency obtained from LES. Also, the 1W mode shape predicted matched
with experimental mode shape. A positive growth rate for 1W mode was predicted by
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the current approach indicating an unstable mode. The approach of using seven heat
release zones corresponding to each injector element resulted in better prediction of
unstable modes. For 1W mode in chamber, the phase difference between opposite
walls was found to be 180⁰ as would be expected. Similarly, the phase difference
between wall and inlet of post right next to the wall was also found to 180⁰. However,
the phase difference between the inlets of posts at the extremes being 180⁰ indicated
that as the pressure wave travels from one end of chamber to the other end, the
pressure wave in the oxidizer post travels from the inlet of the oxidizer post towards
the injector plane in such a way that both the pressure waves are almost in phase (~030⁰) immediately downstream of the injector plane. Apart from predicting correct
qualitative behavior, COMSOL was able to obtain the solution to transverse
instability chamber case in just a couple of hours compared to 3 months required to
get the solution through high fidelity simulation (LES) proving the effectiveness of
this approach.
The oxidizer posts on either extremes of chamber seem to influence the
growth rate of 1W mode to a great extent compared to other inner oxidizer posts. This
implies that higher damping rate can be observed when the pressure fluctuations in
the heat release zone corresponding to outer oxidizer injector elements were out of
phase with heat release fluctuations rather than the inner injector elements.
The length of the converging portion of the nozzle seems to affect the mode
shapes of higher modes in the transverse instability chamber. A shorter nozzle length
leads to a more uniform mode shape along the length of chamber (axially). However,
increasing the nozzle length causes the modes to bend leading to non-uniform mode
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shape along the length of chamber, resulting in different mode shapes in the chamber.
This can affect the instability of chamber to a great extent as different mode shapes in
chamber at a particular can lead to highly complex and irregular phasing between
heat release and pressure fluctuations. For a particular configuration of the transverse
instability chamber, the 3W mode at shorter nozzle length vanished as the nozzle
length increased and the 3W – 1L mode at shorter nozzle length transformed to a 3W
mode at higher nozzle length. The exchange of energy between these modes is
believed to be the reason for varying mode shapes. However, experimental evidence
is still required in order to confirm the effects of nozzle length observed through
computational analysis.
6.2

Limitations

The current solver yields best results in the absence of mean flow and at low
mean flow velocities. However, in the presence of high mean flow velocities, the
solver outputs a vast number of closely spaced eigenfrequencies around the guessed
eigenfrequency making it hard to predict the dominant frequency. COMSOL uses the
Arnoldi algorithm to solve for eigenfrequencies. Arnoldi algorithm is good to solve
non-hermitian matrices but not for hermitian matrices. That's the reason why we see
so many closely spaced eigenfrequencies around our guess frequency. In addition,
highly irregular mode shapes were also observed at higher mean flow velocities.
Noise is also very predominant at higher mean flows.
Hence, in the work presented in this thesis only uniform mean velocity field (in
a particular domain) was considered instead of a mapped 2D or 3D mean flow
velocity field from high fidelity simulations.
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In case of the transverse instability chamber analysis, where the mean flow
velocity is considerably high in the oxidizer posts, the simulation was performed by
tracking the dominant eigenfrequency by adding mean flow in small steps instead of
running the simulation once by prescribing the actual flow velocities. Although it is a
hard task to perform a number of simulations by adding mean flow velocities in small
steps, at present it seems to be the only way to solve for eigenfrequencies in high
Mach number flows.
6.3

Future Work

The work presented in this thesis is an initial step towards a goal of developing
combustion instability tool which can predict the limit cycle amplitudes of
combustion instabilities in highly complex 3D combustors. There is more work left to
be done. Future work will focus on the following tasks:
1. Identify a better way to analyze combustors with high mean flow velocities
Mean flow is not particularly important in the analysis of gas turbine engine
where the mean flow velocities are very small. However, in case of rocket engines
mean flow velocity is considerably high in the oxidizer posts and plays a very
important role in determining the mode shapes. Hence, a better way of accounting for
mean flow is necessary. In addition, techniques to reduce noise in the high mean flow
simulations should also be developed. The probable use of frequency domain analysis
or time domain analysis in COMSOL might yield better results rather than
eigenfrequency approach.
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2. Account for non-linear effects in order to predict limit cycle amplitudes
Combustion instabilities are highly non-linear in nature and in the today’s
industry stability of a combustor is mainly defined by the amplitude of pressure
fluctuations. Hence it is very important to be able to account for non-linear effects
and predict the non-linear effects. It might be possible to account for non-linear
effects in COMSOL by adding the non-linear terms as source terms in the governing
equations similar to the approach followed in adding combustion response function as
source term.
3. Develop a generalized flame transfer/flame describing function
In this thesis existing combustion response models/flame transfer
functions were utilized to predict the instabilities. However, the main disadvantage of
the combustion response models implemented in this thesis is that they are not
frequency and amplitude dependent. Meaning, parameters such as n, τ, β (look at
section 0) which are assumed to be constant must depend on frequency and amplitude
of pressure oscillation. In reality, heat release fluctuations are highly dependent on
amplitude and frequency. Hence, the existing constant parameter models must be
replaced by flame transfer functions which characterize heat release fluctuations
based on frequency or flame describing functions which characterize heat release
fluctuations based on frequency and amplitude.
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Appendix A

Implementing Combustion Response Functions and Boundary Conditions
in COMSOL – An Example Test Case

The implementation of the combustion response functions and boundary conditions in
COMSOL is presented here through an example test case of straight duct with
concentrated heat release in the middle of the duct and the mean flow properties varying
across the heat release zone is considered. Inlet of the duct is acoustically closed and the
exit is modeled as choked nozzle. The section of straight duct before the heat release zone
is treated as domain-1 and the remaining section of straight duct is treated as domain-2.
The steps followed in solving the test case chosen in COMSOL is shown in
Figure A.1- Figure A.11. The physics and the study chosen are shown in Figure A.1and
Figure A.2 respectively. The basic steps of defining parameters and treating sudden
variations of mean flow properties through step function are shown in Figure A.3 and
Figure A.4 respectively. Step functions are used to avoid the discontinuities of flow
parameters. Creating geometry, assigning material properties, adding combustion
response model (Crocco’s n – τ model), defining impedance, creating mesh and setting
the eigenfrequency solver is shown in Figure A.5 - Figure A.11
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Figure A.1. Adding required physics in COMSOL

Figure A.2. Adding required study in COMSOL
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Figure A.3. Defining flow parameters in COMSOL

Figure A.4. Defining variation of flow parameters in COMSOL using step function
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Figure A.5. Creating computational geometry in COMSOL

Figure A.6. Specifying fluid/gas properties in COMSOL
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Figure A.7. Specifying mean flow parameters in COMSOL

Figure A.8. Implementing Crocco’s n- τ combustion response model in COMSOL
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Figure A.9. Implementing choked nozzle boundary condition in COMSOL

Figure A.10. Creating mesh in COMSOL
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Figure A.11. Solver settings in COMSOL
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Appendix B

Effect of Mass, Momentum and Energy Variation on Stability of Modes in
Linearized Euler Equation Solver

The results obtained by studying the effect the Mach number ratio on instability of
straight duct with closed ends and uniform mean flow properties except for mean flow
velocity showed that the stability of system can be effected by the Mach number ratio.
Interested by the results obtained, further analysis was performed to study the effect of
mass, momentum and continuity variation on stability.
A straight duct of length 0.1m and radius 0.0021m closed at both ends is
considered. Initial analysis was performed without considering any variations of mass,
momentum or energy to setup a base line case. The flow properties are shown in Table
B.1 .
Table B.1. Operating parameters for straight duct with mean flow closed at both ends
Property

Value

Pressure (MPa)

2.21

Temperature (K)

933.5

Gamma

1.27

Speed of sound (m/s)

664.7

Mach number

0.08

Specific gas constant (J/(kg K)) 376.2

The first and second longitudinal modes were observed 3318 Hz and 6634 Hz
respectively. As expected, no growth or decay rates were observed as mass, momentum

125
and energy were conserved. Further, analysis was performed by creating a discontinuity
or sudden jump in mass, momentum and energy one at a time in the middle of duct and
conserving the other two quantities. The section of duct from inlet to L/2 was considered
as domain – 1 and the rest of the duct was considered as domain -2. Test conditions for
various cases analyzed are shown in Table B.2. In Table B.2, Ex – indicates the energy in
domain - x, Mx – indicates the momentum in domain – x, mx – indicates the mass flow
rate in domain – x. In order to create the jump in mass, momentum and energy across the
two domains, mean properties of gas in domain -2 were changed accordingly keeping the
mean properties in domain – 1 constant. In addition, specific gas constant and ratio of
specific heats were assumed to be constant. The results obtained are shown Table B.3.
Table B.2. Test conditions for various cases analyzed
Mass

Momentum

Energy

Case – 1

Conserved

Conserved

E2 > E1

Case – 2

Conserved

Conserved

E2 < E1

Case – 3

Conserved

M2>M1

Conserved

Case – 4

Conserved

M2 < M 1

Conserved

Case – 5

m2 > m1

Conserved

Conserved

Case – 6

m2 < m1

Conserved

Conserved
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Table B.3. Frequency and growth rate for the first two longitudinal modes of straight
duct with sudden jump in mass, momentum or energy in the middle of duct
Frequency (1L) Growth rate (1L) Frequency (2L) Growth rate (2L)
Hz

1/s

Hz

1/s

Case – 1

3373

-5

6750

-7

Case – 2

2774

37

5730

48

Case – 3

3320

17

6641

13

Case – 4

3314

-15

6630

-11

Case – 5

3151

0

6324

0

Case – 6

4004

0

8683

0

It should be noted that the percentage of change in mass, momentum and energy
from domain-1 to domain-2 is not same for all the cases. From Table B.3, it can be seen
that the energy addition represented through change in mean flow properties leads to
stable mode (negative growth rate) and the energy removal leads to unstable modes
(positive growth rate). This is in contradiction to the physical observation that energy
addition leads to unstable modes and vice versa. At present, the reason for this strange
behavior observed is not known. Further analysis needs to be performed in order to study
and better understand the effects of momentum and energy variation on stability of
modes and its treatment in linearized Euler equation solver.
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